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Abstract
The algebraic structure of Thermo Field Dynamics lies in the q-deformation of the
algebra of creation and annihilation operators. Doubling of the degrees of freedom,
tilde-conjugation rules, and Bogoliubov transformation for bosons and fermions are
recognized as algebraic properties of hq(1) and of hq(1|1), respectively.
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1 Introduction
One central ingredient of Hopf algebras [1] is the operator doubling implied by the
coalgebra. The coproduct operation is indeed a map ∆ : A → A⊗A which duplicates
the algebra. Lie-Hopf algebras are commonly used in the familiar addition of energy,
momentum and angular momentum.
On the other hand, the doubling of the degrees of freedom turns out to be the
central ingredient also in thermal field theories in the formalism of Thermo Field
Dynamics (TFD) [2] which has been recognized [3] to be strictly related with the
C∗ algebras formalism [4]. In this paper we show that this is not a merely formal
feature, but that the natural TFD algebra is indeed the Hopf algebra of creation and
annihilation operators. Preliminary results in such a direction were presented in [5]
and the strict connection between TFD and bialgebras has been also discussed in [6].
To be more specific we show that the set of the algebraic rules called the ′′tilde-
conjugation rules ′′, axiomatically introduced in TFD (and in its C∗-algebraic for-
mulation), as well as the Bogoliubov transformation and its generator follow from
basic and simple properties of quantum Hopf algebras. In particular, the deformed
Weyl-Heisenberg algebra hq(1) describes the TFD for bosons while the quantum de-
formation hq(1|1) of the customary superalgebra of fermions describes the TFD for
fermions.
In sec. 2 we briefly introduce hq(1) and hq(1|1). In sec. 3 we present our main
result: from the Hopf algebra properties we derive tilde conjugation rules and Bogoli-
ubov transformations with their generator. Sec. 4 is devoted to further discussions.
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2 The creation and annihilation operator algebras
The bosonic algebra h(1) is generated by the set of operators {a, a†, H,N} with
commutation relations:
[ a , a† ] = 2H , [ N , a ] = −a , [ N , a† ] = a† , [ H , • ] = 0 . (1)
H is a central operator, constant in each representation. The Casimir operator is
given by C = 2NH − a†a. h(1) is an Hopf algebra and is therefore equipped with
the coproduct operation, defined by
∆a = a⊗ 1+ 1⊗ a ≡ a1 + a2 , ∆a† = a† ⊗ 1+ 1⊗ a† ≡ a†1 + a†2 , (2)
∆H = H ⊗ 1+ 1⊗H ≡ H1 +H2 , ∆N = N ⊗ 1 + 1⊗N ≡ N1 +N2 . (3)
The physical meaning of the coproduct is that it provides the prescription for
operating on two modes. One example of coproduct is the familiar operation per-
formed with the ′′addition ′′ of the angular momentum Jα, α = 1, 2, 3, of two particles:
∆Jα = Jα ⊗ 1+ 1⊗ Jα ≡ Jα1 + Jα2 , Jα ∈ su(2).
The q-deformation of h(1), hq(1), with deformation parameter q, is:
[ aq , a
†
q ] = [2H ]q , [ N , aq ] = −aq , [ N , a†q ] = a†q, [ H , • ] = 0 , (4)
where Nq ≡ N and Hq ≡ H . The Casimir operator Cq is given by Cq = N [2H ]q−a†qaq,
where [x]q =
qx − q−x
q − q−1 . Also hq(1) is an Hopf algebra and its coproduct is defined by
∆aq = aq ⊗ qH + q−H ⊗ aq , ∆a†q = a†q ⊗ qH + q−H ⊗ a†q , (5)
∆H = H ⊗ 1+ 1⊗H , ∆N = N ⊗ 1+ 1⊗N , (6)
whose algebra of course is isomorphic with (4): [∆aq,∆a
†
q] = [2∆H ]q , etc. .
We denote by F1 the single mode Fock space, i.e. the fundamental representation
H = 1/2, C = 0. In such a representation h(1) and hq(1) coincide as it happens
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for su(2) and suq(2) for the spin-
1
2
representation. The differences appear in the
coproduct and in the higher spin representations.
In the case of fermions the ZZ2-graded algebra h(1|1) is generated by the relations
{ a , a† } = 2H , [ N , a ] = −a , [ N , a† ] = a†, [ H , • ] = 0 . (7)
Also h(1|1) is an Hopf algebra (actually a Hopf superalgebra), equipped with the
same coproduct operations defined in (2)-(3). The deformed algebra hq(1|1) relations
are as those in (4), with the first commutator replaced by the anti-commutator and
its coproduct is defined as in (5)-(6).
As customary, we require that a and a†, and aq and aq†, are adjoint operators.
This implies that q can only be real or of modulus one.
In the two mode Fock space F2 = F1⊗F1, for |q| = 1, the hermitian conjugation of
the coproduct must be supplemented by the inversion of the two spaces for consistency
with the coproduct isomorphism.
Summarizing we can write for both bosons and fermions on F2 = F1 ⊗F1:
∆a = a1 + a2 , ∆a
† = a†1 + a
†
2 , (8)
∆aq = a1q
1/2 + q−1/2a2 , ∆a
†
q = a
†
1q
1/2 + q−1/2a†2 , (9)
∆H = 1, ∆N = N1 +N2 . (10)
We observe that [ai, aj ]∓ = [ai, a
†
j]∓ = 0, i 6= j. Here, and in the following, [ , ]−
and [ , ]+ denote, respectively, commutators and anticommutators.
3 Coproduct and the Bogoliubov transformation
In this section we derive our main result, namely that the algebraic structure on
which the TFD formalism is based is naturally provided by the Hopf algebras hq(1)
and hq(1|1).
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It is convenient to start recalling the so-called ′′tilde-conjugation rules ′′ which are
defined in TFD. For any two bosonic (respectively, fermionic) operators A and B and
any two c-numbers α and β the tilde-conjugation rules of TFD are postulated to be
the following [2]:
(AB)˜= A˜B˜ , (11)
(αA+ βB)˜= α∗A˜+ β∗B˜ , (12)
(A†)˜= A˜† , (13)
(A˜)˜= A . (14)
According to (11) the tilde-conjugation does not change the order among operators.
Furthermore, it is required that tilde and non-tilde operators are mutually commuting
(or anti-commuting) operators and that the thermal vacuum |0(β) > is invariant
under tilde-conjugation:
[A, B˜]∓ = 0 = [A, B˜
†]∓ , (15)
|0(β) >˜= |0(β) > . (16)
In order to use a compact notation it is useful to introduce the parity label σ defined
by
√
σ ≡ +1 for bosons and √σ ≡ +i for fermions. We shall therefore simply write
commutators as [A,B]−σ
.
= AB−σBA, and (1⊗A)(B⊗1) ≡ σ(B⊗1)(1⊗A),without
further specification of whether A and B (which are equal to a, a† in all possible ways)
are fermions or bosons.
As it is well known, the central point in the TFD formalism is the possibility to
express the statistical average < A > of an observable A as the expectation value in
the temperature dependent vacuum |0(β) >:
< A > ≡ Tr[A e
−βH]
Tr[e−βH]
= < 0(β)|A|0(β) > , (17)
and this requires the introduction of the tilde-degrees of freedom [2].
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Our first statement is that the doubling of the degrees of freedom on which the
TFD formalism is based finds its natural realization in the coproduct map. Upon
identifying from now on a1 ≡ a, a†1 ≡ a†, one easily checks that the TFD tilde-
operators (consistent with (11) – (15)) are straightforwardly recovered by setting
a2 ≡ a˜ , a†2 ≡ a˜†. In other words, according to such identification, it is the action of
the 1 ↔ 2 permutation pi: piai = aj , i 6= j, i, j = 1, 2, that defines the operation
of ′′tilde-conjugation ′′:
pia1 = pi(a⊗ 1) = 1⊗ a = a2 ≡ a˜ ≡ (a)˜ (18)
pia2 = pi(1⊗ a) = a⊗ 1 = a1 ≡ a ≡ (a˜)˜ . (19)
In particular, being the pi permutation involutive, also tilde-conjugation turns out
to be involutive, as in fact required by the rule (14). Notice that, as (piai)
† = pi(ai†), it
is also ((ai)
˜ )† = ((ai)†)˜, i.e. tilde-conjugation commutes with hermitian conjugation.
Furthermore, from (18)-(19), we have
(ab)˜= [(a⊗ 1)(b⊗ 1)]˜= (ab⊗ 1)˜= 1⊗ ab = (1⊗ a)(1⊗ b) = a˜b˜ . (20)
Rules (13) and (11) are thus obtained. (15) is insured by the σ-commutativity of a1
and a2. The vacuum of TFD, |0(β) >, is a condensed state of equal number of tilde
and non-tilde particles [2], thus (16) requires no further conditions: eqs. (18)-(19)
are sufficient to show that the rule (16) is satisfied.
Let us now consider the following operators:
Aq ≡ ∆aq√
[2]q
=
1√
[2]q
(e
√
σθa + e−
√
σθa˜) , (21)
Bq ≡ 1√
[2]q
√
σ
δ
δθ
∆aq =
2q√
[2]q
δ
δq
∆aq =
1√
[2]q
(e
√
σθa− e−
√
σθa˜) , (22)
and h.c., with q = q(θ) ≡ e√σ2θ . Notice that
δ√
σδθ
(
δ√
σδθ
∆aq) = ∆aq . (23)
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The commutation and anti-commutation relations are
[Aq, A
†
q]−σ = 1 , [Bq, B
†
q ]−σ = 1 , [Aq, Bq]−σ = 0 , [Aq, B
†
q ]−σ =
1√
σ
tanh
√
σ2θ ,
(24)
whereas all other σ-commutators equal zero. A set of commuting operators with
canonical commutation relations is given for bosons (σ = 1) by
A(θ) ≡
√
[2]q
2
√
2
[Aq(θ) + Aq(−θ) −B†q(θ) +B†q(−θ)] , (25)
B(θ) ≡
√
[2]q
2
√
2
[Bq(θ) +Bq(−θ) − A†q(θ) + A†q(−θ)] . (26)
and h.c. Analogously, for fermions (σ = −1), anti-commuting operators are given by:
A(θ) ≡
√
[2]q
2
√
2
[Aq(θ) + Aq(−θ) + A
†
q(θ) −A†q(−θ)] , (27)
B(θ) ≡
√
[2]q
2
√
2
[Bq(θ) +Bq(−θ) − B†q(θ) +B†q(−θ)] . (28)
and h.c. One has
[A(θ), A†(θ)]−σ = 1 , [B(θ), B
†(θ)]−σ = 1 , [A(θ), B
†(θ)]−σ = 0 , (29)
and all other σ-commutators equal to zero. Of course, here it is understood that the
operators given by eqs. (25)-(26) commute and the operators given by eqs. (27)-(28)
anticommute.
We can also write, for both bosons and fermions,
A(θ) =
1√
2
(a(θ) + a˜(θ)) , B(θ) =
1√
2
(a(θ)− a˜(θ)) , (30)
with
a(θ) =
1√
2
(A(θ) +B(θ)) = a cosh
√
σθ − a˜† sinh √σθ ,
a˜(θ) =
1√
2
(A(θ)− B(θ)) = a˜ cosh √σθ − σa† sinh √σθ , (31)
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[a(θ), a†(θ)]−σ = 1 , [a˜(θ), a˜
†(θ)]−σ = 1 . (32)
All other σ-commutators are equal to zero and a(θ) and a˜(θ) σ-commute among
themselves. Eqs. (31) are nothing but the Bogoliubov transformations for the (a, a˜)
pair into a new set of creation, annihilation operators. In other words, eqs. (31), (32)
show that the Bogoliubov-transformed operators a(θ) and a˜(θ) are linear combina-
tions of the coproduct operators defined in terms of the deformation parameter q(θ)
and of their θ-derivatives; namely the Bogoliubov transformation is implemented in
differential form (in θ) as
a(θ) =
1
4
(
1 +
1√
σ
δ
δθ
)
∆
[
aq + aq−1 − (aq† − aq−1†)
]
=
1√
2
[
e
α(1+ 1√
σ
δ
δθ
) − e−α(1+ 1√σ δδθ )
]
∆
[
aq + aq−1 − (aq† − aq−1†)
]
(33)
a˜(θ) =
1
4
(
1− 1√
σ
δ
δθ
)
∆
[
aq + aq−1 + σ(aq
† − aq−1†)
]
=
1√
2
[
e
α(1− 1√
σ
δ
δθ
) − e−α(1− 1√σ δδθ )
]
∆
[
aq + aq−1 + σ(aq
† − aq−1†)
]
(34)
where α = 1
4
log 2 .
Note that inspection of Eq. (31) in the fermion case shows that
√
σ(= i) changes
sign under tilde-conjugation. This is related to the antilinearity property of tilde-
conjugation, which we shall discuss in more detail below.
Next, we observe that the θ-derivative, namely the derivative with respect to the
q-deformation parameter, can be represented in terms of commutators of a(θ) (or of
a˜(θ)) with the generator G of the Bogoliubov transformation (31).
From (31) we see that G is given by
G ≡ −i √σ (a†a˜† − aa˜) , (35)
a(θ) = exp(iθG) a exp(−iθG) , a˜(θ) = exp(iθG) a˜ exp(−iθG) . (36)
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Notice that, because of(31) (and (23)),
δ
δθ
a(θ) = −√σa˜†(θ) , δ
δθ
a˜(θ) = −(√σa(θ))† ,
δ2
δθ2
a(θ) = σa(θ) ,
δ2
δθ2
a˜(θ) = σa˜(θ) , (37)
and h.c. . The relation between the θ-derivative and G is then of the form:
− i δ
δθ
a(θ) = [G, a(θ)] , − i δ
δθ
a˜(θ) = [G, a˜(θ)] , (38)
and h.c. . For a fixed value θ¯, we have
exp(iθ¯pθ) a(θ) = exp(iθ¯G) a(θ) exp(−iθ¯G) = a(θ + θ¯) , (39)
and similar equations for a˜(θ).
In eq.(39) we have used the definition pθ ≡ −i δ
δθ
which can be regarded as the
momentum operator ′′conjugate ′′ to the ′′thermal degree of freedom ′′ θ (in TFD of
course θ ≡ θ(β), with β the inverse temperature). The notion of thermal degree of
freedom [7] thus acquires formal definiteness in the sense of the canonical formalism.
It is interesting to observe that derivative with respect to the q-deformation parameter
is actually a derivative with respect to the system temperature T. This may shed some
light on the roˆle of q-deformation in thermal field theories for non-equilibrium systems
and phase transitions. We shall comment more on this point in the following section.
Eqs. (37) show that the tilde-conjugation may be represented by the θ-derivative
in the following way:
(
− δ√
σδθ
a(θ)
)†∣∣∣∣∣
θ=0
= a˜ = (a)˜ ,
(
1
σ
δ2
δθ2
a(θ)
)∣∣∣∣∣
θ=0
= a = (a˜)˜ , (40)
and h.c.. We also have(
− δ√
σδθ
αa(θ)
)†∣∣∣∣∣
θ=0
=
(
− δ
(
√
σ)∗δθ
α∗a(θ)†
)∣∣∣∣∣
θ=0
= α∗a˜(θ)|θ=0 = α∗a˜ , (41)
where α denotes any c-number. Thus tilde-conjugation is antilinear, as in fact it is
required in TFD (rule (12)).
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We finally observe that, from eqs. (37) (and (20)), we have
(
− δ√
σδθ
a(θ)
)† (
− δ√
σδθ
b(θ)
)†
= a˜(θ)b˜(θ) = (a(θ)b(θ))˜ , (42)
for any θ, again in agreement with TFD.
Under tilde-conjugation aa˜ goes into a˜a = σaa˜. From this we note that aa˜ is
not tilde invariant. Since
√
σ = i when σ = −1, and i changes sign under tilde-
conjugation, we see that instead
√
σaa˜ is tilde invariant [7]. We also remark that
∆aq and ∆aq
† are tilde-invariant in the fermion case.
In conclusion, the doubling of the degrees of freedom and the tilde-conjugation
rules, which in TFD are postulated, are shown to be immediate consequences of
the coalgeebra structure (essentially the coproduct map), of the pi permutation and
of the derivative with respect to the deformation parameter in a q-algebraic frame.
Moreover, in the hq(1) and hq(1|1) coalgebras, TFD appears also equipped with a set
of canonically conjugate ′′thermal ′′ variables (θ, pθ).
4 Inequivalent representations and the deformation
parameter
We note that in the boson case J1 ≡ 12(a†a˜† + aa˜) together with J2 ≡ 12G and
J3 ≡ 12(N + N˜ + 1) close an algebra su(1, 1). Moreover, δδθ (N(θ)− N˜(θ)) = 0 , with
(N(θ)− N˜(θ)) ≡ (a†(θ)a(θ)− a˜†(θ)a˜(θ)), consistently with the fact that 1
4
(N − N˜)2
is the su(1, 1) Casimir operator.
In the fermion case J1 ≡ 12G, J2 ≡ 12(a†a˜† + aa˜) and J3 ≡ 12(N + N˜ − 1) close
an algebra su(2). Also in this case δ
δθ
(N(θ) − N˜(θ)) = 0 , with (N(θ) − N˜(θ)) ≡
(a†(θ)a(θ)− a˜†(θ)a˜(θ)), again consistently with the fact that 1
4
(N − N˜)2 is related to
the su(2) Casimir operator.
The su(1, 1) algebra and the su(2) algebra, which are the boson and the fermion
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TFD algebras, are thus described as well in terms of operators of hq(1) and hq(1|1).
The vacuum state for a(θ) and a˜(θ) is formally given (at finite volume) by
|0(θ) > = exp (iθG) |0, 0 > = ∑
n
cn(θ) |n, n > , (43)
with n = 0, ..∞ for bosons and n = 0, 1 for fermions, and it appears therefore to
be an SU(1, 1) or SU(2) generalized coherent state [8], respectively for bosons or for
fermions.
In the infinite volume limit |0(θ) > becomes orthogonal to |0, 0 > and we have
that the whole Hilbert space {|0(θ) >}, constructed by operating on |0(θ) > with
a†(θ) and a˜†(θ), is asymptotically orthogonal to the space generated over {|0, 0 >}.
In general, for each value of the deformation parameter, i.e. θ =
1
2
√
σ
ln q, we obtain
in the infinite volume limit a representation of the canonical commutation relations
unitarily inequivalent to the others, associated with different values of θ. In other
words, the deformation parameter acts as a label for the inequivalent representations,
consistently with a result already obtained elsewhere [9]. In the TFD case θ = θ(β)
and the physically relevant label is thus the temperature. The state |0(θ) > is of
course the thermal vacuum and the tilde-conjugation rule (16) holds true together
with (N − N˜)|0(θ) > = 0, which is the equilibrium thermal state condition in
TFD.
It is remarkable that the ”conjugate thermal momentum” pθ generates transitions
among inequivalent (in the infinite volume limit) representations: exp(iθ¯pθ) |0(θ) >=
|0(θ + θ¯) >.
In this connection let us observe that variation in time of the deformation param-
eter is related with the so-called heat-term in dissipative systems. In such a case, in
fact, θ = θ(t) (namely we have time-dependent Bogoliubov transformations), so that
the Heisenberg equation for a(t, θ(t)) is
− ia˙(t, θ(t)) = −i δ
δt
a(t, θ(t))− iδθ
δt
δ
δθ
a(t, θ(t)) =
10
[H, a(t, θ(t))] +
δθ
δt
[G, a(t, θ(t))] = [H +Q, a(t, θ(t))] , (44)
where Q ≡ δθ
δt
G denotes the heat-term [5], [7], and H is the hamiltonian (responsible
for the time variation in the explicit time dependence of a(t, θ(t))). H+Q is therefore
to be identified rather with the free energy [2], [5], [10]. When, as usual in TFD,
H|0(θ) >= 0, the time variation of the state |0(θ) > is given by
− i δ
δt
|0(θ) >= i
2
δθ
δt
(
δ
δθ
S(θ)
)
|0(θ) > . (45)
Here S(θ) denotes the entropy operator [2], [10]:
S(θ) = −(a†a ln σ sinh2√σθ − σ aa† ln cosh2√σθ) . (46)
We thus conclude that variations in time of the deformation parameter actually
involve dissipation.
Finally, when the proper field description is taken into account, a and a˜ carry
dependence on the momentum k and, as customary in QFT (and in TFD), one should
deal with the algebras
⊕
k
hk(1) and
⊕
k
hk(1|1). In TFD this leads to expect that one
should have k-dependence also for θ. The Bogoliubov transformation analogously,
thought of as inner automorphism of the algebra su(1, 1)k (or su(2)k), allows us to
claim that one is globally dealing with
⊕
k
su(1, 1)k (or
⊕
k
su(2)k). Therefore we are
lead to consider k-dependence also for the deformation parameter, i.e. to consider
hq(k)(1) (or hq(k)(1|1) ). In such a way the conclusions presented in the former part
of the paper can be extended to the case of many degrees of freedom.
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